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, We prove sharp geometric rigidity estimates for isometries on Heisenberg groups. Our 

■ main result asserts that every (1 + e)-quasi-isometry on a John domain of the Heisenberg 

group H", n > 1, is close to some isometry up to proximity order ^/e + e in the uniform 
• norm, and up to proximity order e in the L^-norm. We give examples showing the 

asymptotic sharpness of our results^ 



- 
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1 Introduction 

The following question is studied in elasticity theory: what can we say about a global defor- 
mation of a rigid body provided that local deformations are small? This question leads to the 
mathematical problem [T3] formulated below. 



^ I A deformation is interpreted as a homeomorphism f:U — t- M^, where U is an open set 

in M^. The Jacobi matrix Df{x) is assumed to exist almost everywhere. The symmetric matrix 
E{x) = ^{{D f {x)y D f (x) — I) determines Df{x) up to an orthogonal matrix. The matrix 
I E[x) is associated to the deformation or strain tensor (see, for example, [E]). The notion of 
deformation tensor E plays a key role in elasticity theory (see [18] for instance): various full or 
partial linearization problems there are based on the assumption that the deformation tensor 
is sufficiently small. How can this assumption affect f{x) itself? It is known that if E{x) = 
almost everywhere on U then / is a rigid motion under the condition of sufficient regularity. If 
E is small on U in some sense then what is the global difference between / and a rigid motion 
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on the entire domain? If the difference is small globally then this property is called geometric 
rigidity of isometrics. 

If / is a homeomorphism with small E{x) then / is locally bi-Lipschitz (see [23] for instance). 
This leads to a natural interpretation of deformations as bi-Lipschitz mappings. 

In 1961 F. John studied this question in a more general setting; namely, he considered 
a mapping /:[/—> M", where U is an open set in M". He showed that for a locally (1 + e)-hi- 
Lipschitz mapping f , where e < 1, there exists a motion (f satisfying 

\\Df-D^\\,^u<C^pe\U\'/^ (1) 

and 

sup\f{x) - ip{x)\ ^ C2diam(f/)e. (2) 

F. John established ([2]) for a domain ?7 of a special kind, now called a John domain, and ([1]) 
on cubes. Later Yu. G. Reshetnyak [23] established ([1]) and ([2]) on John domains without 
constraints on e using a different method. 

John also studied the question of geometric rigidity under small integral deviations of the 
deformation tensor [15]: if U is a cube, /: f/ — t- ^s a mapping of class , and sup 
on U is less than a fixed number then there exists a motion ip such that 

\\Df-Dy,\\p,u^C,\\E\\p,u ifv>l (3) 

and 

sup — ^ C4 diam([/) ||_E'||p^t/ if p > n. 

Recently [6] Friesecke, James, and Miiller have demonstrated that ([3]) holds for every Sobolev 
mapping of class Wp on a Lipschitz domain U without constraints on 

sup|£'(x)| = sup dist(i5/(x), SO(n)). 

Note that the geometric rigidity problem has a much wider interpretation. The problem 
can be formulated on any manifold with a notion of differential whose tangent space carries 
an action of a "model" isometry group. 

In this article, we study the geometric rigidity problem on the Heisenberg groups H", n > 1. 
Here is the main result. 

Theorem 1. Consider a John domain U with inner radius a and outer radius /3 in the Heisen- 
berg group W\ n > 1. Then, for every f G /(I + e, U) there exists an isometry 9 with 
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and 

sup e{x)) ^ N2 — {V^ + e). 

Here the constants Ni and N2 depend only on n. 

Here /(!+£:, U) is the class of quasi-isometries (see Definition[3]), Dhf\x) = {^j/j(x)}jj=i^..._2n 
is the approximate horizontal differential, and d is the Carnot-Caratheodory metric. 

The dilation shows that the proximity orders in Theorem [1] are asymptotically sharp. 

D. Morbidelli and N. Arcozzi pj investigated the geometric rigidity problem for locally bi- 
Lipschitz mappings of the Heisenberg group H^. We should note, however, that the proximity 
orders (e^ " in the uniform norm and in the Sobolev norm) obtained in [1] are obviously 
far from being optimal. 

Our proof of Theorem [T] develops Reshetnyak's approach to the subject in the Euclidean 
case [23]. The proof essentially consists in linearizing the deformation tensor E on Heisenberg 
groups as a first-order differential operator with constant coefficients whose kernel "almost" 
coincides with the Lie algebra of the isometry group. 

The most important motivation for the study of isometrics in sub-Riemannian geometry is 
given by the recently constructed visualization model (see the papers by G. Citti and A. Sarti 
[1] and R. K. Hladky and S. D. Pauls [H]). The geometry of the model is based on the roto- 
translation group, which is a three-dimensional non-nilpotent Lie group. However, it is a contact 
manifold whose tangent cone at each of point is the Heisenberg group H^. The geometric rigidity 
problem finds an unexpected interpretation in sub-Riemannian geometry: a local distortion of 
an image does not incur a loss of global information about it. 

In Section 2 we define quasi-isometries on Carnot-Caratheodory spaces, introduce the main 
concepts used and prove that the class of quasi-isometries under consideration includes locally 
bi-Lipschitz mappings. In Section 3 we introduce an operator Q linearizing the strain tensor E 
on the Heisenberg group, and investigate its properties: we describe its kernel and construct 
a projection onto it. In Section 4 we prove the geometric rigidity of isometrics on the balls 
contained in a given domain. In Section 5 we prove Theorem 1 on a John domain. There we 
also obtain a partial extension of Theorem 1 to a Holder domain. In the Appendix we prove 
some auxiliary results. 

The main results of this article were announced in [28]. 
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2 Quasi-isometries 

Definition 1 (cf. [SI |T6l |20]). Fix a connected Romanian C°°-manifold M of topological 
dimension A^. The manifold M is called a Carnot-Caratheodory space if the tangent bundle 
TM has a filtration 

HM = HM C...C HM C . . . C HmM = TM 

by subbundles such that each point p G M has a neighborhood f/ C M equipped with a collec- 
tion of C^'"-smooth vector fields Xi, . . . , Xn, a G (0, 1], enjoying the following two properties. 
For each v E U, 

(1) HiM.{v) = Hi{v) = spa.n{Xi{v), . . . , X^i^H.{v)} is a subspace of T„M of a constant 
dimension dim Hi, i = 1, . . . , M; 

(2) we have 

[X„Xj]{v)= c,,k{v)Xk{v) (4) 

k: deg Xj. <deg X^+deg Xj 

where the degree degX^ is defined as min{m | X^ G Hm}', 

Moreover, if the third condition holds then the Carnot-Caratheodory space is called the 
Carnot manifold: 

(3) the quotient mapping [■, ■]q : Hi x Hj/Hj^i i— )■ Hj^i/Hj induced by the Lie bracket is 
an epimorphism for all 1 < j < M. Here Hq = {0}. 

The subbundle HWl is called horizontal. 

The number M is called the depth of the manifold M. 

The intrinsic Carnot-Caratheodory distance d between two points x, ?/ G M is defined as 
the infimum of lengths of the horizontal curves joining x and y (a piecewise smooth curve 7 is 
horizontal if 7(t) G H'M.{'-j{t))). This distance is correctly-defined [TB] and non-Riemannian if 
n = dim HM ^ N. 

Let U he a domain in M and {Xi, . . . be an orthonormal basis of HM on U from 

Definition [TJ The Sobolev space Wg{U), 1 < q < 00, consists of the functions /: f/ — t- M 
possessing the weak derivative Xif along the vector field Xi, i = 1, . . . ,n, and having a finite 
norm 

\\f\\w,Hu) = \\fhu+\\'^cfhu, 

where Vcf = {Xif, . . . ,Xnf) is the suhgradient of / and || ■ stands for the Lg-norm of 
a measurable function on U . Recall that a locally integrable function Qi : U — )■ M is called the 
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weak derivative of a function / along the vector field Xj if J Qiip dx = — J fXiip dx for every 

u u 

test function 4) G C~(f/). 

If / G W^{U) for every bounded open set U, with U G Q, then / is said to be of class 

Definition 2. A mapping / : — )■ M belongs to the Sobolev class W^i^^{Q,W£) if the following 
properties hold: 

(A) for each 2; G M the function [/]^ : x e Q ^ d{f{x), z) belongs to W^^^^^{Vl)] 

(B) the family of functions {V£[/]2}2gM has a majorant in Lq^\oc{^)'- there exists a function 
9 £ Lq^iociyi) independent of z such that |V£[/]^(x)| < g{x) for almost all x eVL. 

If / is a Sobolev mapping then it can be redefined on a set of measure zero to be absolutely 
continuous on almost all lines of the horizontal vector fields. In this case there exist derivatives 
Xif{x) a. e. in Q, moreover Xif{x) G Hf(^x)M., i = 1, . . . ,n (see Plj in Carnot groups, and 
in Carnot-Caratheodory spaces). A transformation of the basis vectors Xi{x), i = 1,. . . ,n, 
of the horizontal subspace H^Wl into the horizontal vectors {Xif){x) G ///(^.)M determines 
a mapping Dhf{x) from the horizontal space H^Wl into ///(2.)M for almost all x E Q, which is 
called the approximate horizontal differential. 

The mapping Dhf in turn generates almost everywhere a morphism Df of graded Lie 
algebras [27]. The determinant of the matrix Df{x) is called the Jacobian of / and is denoted 
by J{xJ). 

Definition 3. Let U be an open set in a Carnot-Caratheodory space M, and let /: f/ — )■ M 
be a nonconstant mapping of Sobolev class W^Yoci^^^)- '^^^^ mapping / belongs to the class 
/(L, f/), L ^ 1, if J(x, /) keeps its sign on U and L-^\^\ ^ \Dhf{x)^\ ^ L\^\ for all ^ G HM{x) 
and almost every x E U. 

Obviously, a quasi-isometric mapping belongs to the Sobolev space Wp^jQ^, for all p ^ 1. 

Recall that a mapping / : U — t- M is locally L-Lipschitz if every point x E U has a neighbor- 
hood V with V C U such that the inequality d{f{y), f{z)) ^ Ld{y, z) is vahd for all y,z eV; 
also, / is locally L-bi-Lipschitz if j^d{y, z) ^ d{f{y), f{z)) ^ Ldiy, z) for all y^z eV . 

Lemma 1. // / belongs to I{L,U) then f is locally L-Lipschitz. If in addition f is a local 
homeomorphism then f is locally L-bi-Lipschitz. 

Conversely, every locally L-bi-Lipschitz mapping of an open set U belongs to I{L, U). 
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Proof. Since for every horizontal curve 7 : [0, T] — f/ the curve /(7) is also horizontal, it suffices 
to prove that 

/(/(7))^L/(7). (5) 
If / o 7 G ACL and Dhf{'y{t)) is defined for almost all t then (j5]) is obvious: 



T 



d 



dr 



T 



Kf{l))= / 3t/(7W) dt= / |A,/(7(t))| -rMt) dt^Lli^). (6) 







dt 



Take a point a eU and a field X G HWl. Consider the curve 7 = exp(tX)(a), 7: [0, T] — )■ t/, 
and a surface S transversal to X at a such that the foliation $ = {exp(i(:X)(x), x G 5} lies 
in f/. For the function [/]2(a;) = d{z., f{x)) there exists a function g E Li independent of z and 
satisfying both \[f],{x) - [f],{y)\ ^ d{x,y){g{x) + g{y)) and |V£[/]2(a;)| ^ Mg{x). By Fubini's 
theorem, (7 belongs to the class Li for almost all curves of the foliation $. Consequently, 
— ^ M j^^ y^gdt on each of these curves. Choosing z arbitrarily close to /(y), 

we infer that d{f{x),f{y)) ^ M J^^^^gdt and, hence, / G ACL and is differentiable almost 
everywhere on almost all curves in $. Consequently, holds on almost all curves in $. 
Choose a sequence of curves 7„ G $ converging to 7 and satisfying Since / is continuous, 
/ o 7„ — )■ / o 7 pointwise as n — 00. The lower semicontinuity of length yields 

Kf ° 7) ^ liminf /(/ o 7^) ^ liminf L/(7„) = Ll{'y). 

Thus, the curve 7 = exp(tX)(a) satisfies ([5]). 

Consider a domain V with V G U. Fix two points x, ?/ G Then the points x and ?/ can 
be joined by a piecewise smooth horizontal curve 7 in ?7 consisting of pieces of integral curves 
of horizontal vector fields Xi, i = 1,. . . ,n. Moreover, /(7) ^ cd{x,y) with c ^ 1 dependent 
on V [ini Proof of Theorem 2.8.4]; hence, /(/(7)) ^ cLl{'y). Thus, / is locally Lipschitz with 
the Lipschitz constant cL and /(/ 07)^ cLl^'j) for any horizontal curve in V. Verify that / is 
locally L-Lipschitz. 

Suppose now that 7: [0,T] — )■ K is a horizontal curve parametrized by arc length. Put 
E = {t G [0,T] I 7 is not differentiable at t}. Then |S| = 0, |7(t)| = 1 for all t G [0,T] \ S and 

d(7(t + s),exp(s7(t))(7(t))) = o(s) as s ^ for alH G [0, T] \ S. 

Consider arbitrary e > and 6 > 0. Now we construst a partition of the interval [0, T) by 
intervals with diameter less than S. 

First, we cover E by open intervals {W^jv^ew centered at [0,T] such that \W\ < S, T, C. 
UvFew ^ Svfgw 1^1 ^ ^- Second, we cover set [0, T] \ S by intervals U = {{t — S(t),t + 
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6{t)) : t G [0, T] \ S} where 6{t) > satisfies 

ci(7(t + s),exp(s7(t))(7(t))) < for all s ^ (7) 

Without loss of generality we may assume that 6{t) < 6/2. 

Since the set [0, T] is compact, there is a finite covering of [0, T] by open intervals {Ui} with 
Ui eU oi Ui E W. By Lemma 121 there is a partition of [0,T) by intervals Pk = [tk,tk+i) with 
the following properties: Pk C Ui, for some i, and P^ contains the center of f/j. The latter 
we denote by r^. Obviously, t^+i — < 5. Divide indices into two groups: k E I if Pk C Ui, 
U, G W; and A; e J if Pk G Uj, Uj G W. 

Since 7 is parameterized by arc length it follows that 

Y,d{fh{h))Jh{h+i)))^Y.^{fo^\p,)^cLY,Kl\p,)^cL J2 m^cLe. 

keJ k(^J ksJ VKeW 

For k E I we set 

ak(t) = exp((t - rfc)7(rfc))(7(rfc)), t G [tk,tk+i]. 

Applying \ak{t) \ = |7(^fc)l = 1 we obtain l{ak) = tk+i-tk and Yl K'^k) = Relation 

kei 

yields 

d{(yk{tk),l{tk)) + d{(Jk{tk+i),l{tk+i)) < e{tk+i - tk) ^ sT. 

k£l k£l 

Therefore 

Y.d{f{^{tk)),f{^{tk+^))) 

k£l 

^ J2 rf(/(7(4)), + d{f{ak{tk+i)), /(7(4+i))) + /(/ o ^k) 

k£l 

^ ^cL(rf(7(tfc),crfc(tfc)) + rf(7(tfc+i),(Tfc(tfc+i)) +LZ(crfe) ^cLeT + Ll{'^). 

k£l 

Finally, 

/(/ o 7) = hm V d{f{^{tk)), /(7(4+i))) ^ Ll{^) + cLeT + cLe. 

<5->-0 ^ — ' 
fcG/UJ 

Since e is arbitrary, it follows that Z(/ 07)^ Ll{^). 

The converse is obvious. □ 

The following partition lemma was used in the proof of Lemma [T] Proof of this lemma is 
based on the induction method. 

Lemma 2. Consider the finite covering of a closed segment [a, h] by open intervals {Ui}. Sup- 
pose Xi G [a,b] where Xi is centre of interval Ui. Then there is a partition of [a,h] by intervals 
{Pk} satisfying Xi E Pk C. Ui for some i. 
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The Heisenberg Group. The Heisenberg group H" is an example of homogeneous Carnot 
manifold. We may identify the points of H" with the points of M^""*"^. The left-invariant vector 
fields 



OXi OX2n+l dXij^n OX2n+l 

constitute a basis of the horizontal subbundle HW^. 

Together with the vector field X2n+i = +^ they constitute the standard basis of the Lie 
algebra. The only nontrivial commutation relations are 

[Xj,Xj+n] = -4X2„+i, j = 1, . . . , n. 

From now on we consider the Heisenberg group. It is convenient to use the complex notation: 
a point X G H" may be regarded as {z,t), where 

Z = {Xi + iXn+l, . . . ,Xn + iX2n) ^ and t = X2n+1 G I^- 

Then the vector fields 

1 d _ d — 1 d d 

T = = ^ 

constitute a left-invariant basis of the Lie algebra. 

The dilation 6s, for s > 0, acts on the Heisenberg group as Ss{z,t) = {sz,sH) and is 
an automorphism of it. The homogeneous norm p{z,t) = {\z\^ + t^Y^^ defines the Heisenberg 
metric p as p{x, y) = p{x^^ ■ y), x,y ^ H". Observe that the Heisenberg metric is a metric and 
not just a quasi-metric: p{x ■ y) ^ p{x) + piy) for all x,y E (see [H] for instance). It is 
also known that the Heisenberg metric p and the Carnot-Caratheodory metric d are equivalent: 
there exists a constant c > 1 such that c~^d{x,y) ^ p{x,y) ^ cd{x,y) for all x, y G H". 

The Lebesgue measure ]R^"+^ is a bi-invariant Haar measure. For the ball B{x,r) = {?/ G 
H": p{x,y) < r} we have r)| = r^'l 5(0, 1)|, where z/ = 2n-|-2 is the homogeneous dimension 
of the group H". 

Consider a Sobolev mapping /. Since Df is a homomorphism of graded Lie algebras, it 
follows that for almost every x E Q there exists a number A(x, /) such that 

Df{x)X2n+i = A(x, /)X2„+i. 

Furthermore [T7], A(a;, /)" = detD/i/(x) and A(a;, Z)""*"^ = J{x,f). In particular, J(x,f) ^ 
almost everywhere on Q for odd n. Consequently, for odd n, there are no Sobolev mappings 
changing the topological orientation. We now give the definition of orientation introduced by 
A. Koranyi and H. M. Reimann in jT7] . 
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Definition 4. A mapping / of the Sobolev class Wii^^,{Q, H") preserves (changes) KR-orienta- 
tion if A(x, /) > (A(x, /) < 0) for almost all x & Q. 

A mapping / G /(I, f/) is called an isometry on U. Every isometric mapping of the Heisen- 
berg group has the form Ha ° fA or 6 o tTq o (y?^, where L{z,t) = (z, —t) is a reflection, 
T^aix) = a-x with a G H" is a left translation, (Pa{x) = [Az, t) with A E U (n) is a rotation [17J. 
Isometries preserve distance in the Heisenberg metric as well as in the Carnot-Caratheodory 
metric. It is also worth noting that D^ip is a constant mapping for every isometry if. 

A quasi-isometric mapping is not only locally Lipschitz but also a mapping with bounded 
distortion. Consider a domain U in H". Recall that a nonconstant mapping f : U ^ of 
the class Wli^^{U,M"') is called a mapping with bounded distortion if there exists a constant 
K ^ 1 such that the approximate horizontal differential satisfies \Dhf{x)\'^ ^ K^^^J{x,f) for 
almost every x E U. The smallest constant K in this inequality is called the (linear) distortion 
coefficient of / and is denoted by K(f). 

Suppose that / G I(L,U). Denote by Ai and Aq eigenvalues of Dhf(x) of the largest and 
smallest absolute values. Clearly, |Ai| ^ L, |Ao| ^ L^^, and \Dhf(x)\ = |Ai|. We also have 
\J(xJ)\ = |AiAor+^ Hence, 

\D,f(x)\'-^' = \X,\'-^' = (^)"^V(^,/)I ^ L'-''Vix,f)\. 

Thus, if J(x, f) is nonnegative almost everywhere then / is a mapping of bounded distortion 
with K(f) = L^. If J(x,f) is nonpositive almost everywhere then t o / is a mapping with 
bounded distortion with K(l o f) = L^. 



3 The Operator Q 

In this section we introduce a differential operator Q approximatign the equation (Dhf(x))^Dhf(x) = 
I to first order. This equation means that Dhf(x) is an orthogonal matrix. In contrast to the 
Euclidean case, the horizontal differential of a Sobolev mapping has some additional structure: 
up to a factor, Dhf(x) is a symplectic matrix. Therefore, the operator Q consists of two parts: 
the first is responsible for orthogonality, and the second, for symplecticity. 
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3.1 The main lemma for the operator Q 

Given a domain U in H", denote by Q the homogeneous differential operator acting on a map- 
ping u: U M^"- as 

^ \DhU + JDhuJ j \-I Oj 

Here the 2n x 2n matrix DhU equals (XjUj)jj=i^...^2n- The operator Q also acts on mappings u 
from U to H". In this case, DhU in ([8]) stands for the approximate horizontal differential of u. 
In complex notation, the operator Q is defined as 

(lizu+izur)\ 

The following lemma expresses the main inequality for the operator Q: 

Lemma 3. Given an open set U in H" and a mapping f of class I{L, U) preserving KR- 
orientation, the inequality 

■ fix))\ ^ ^L_l^\DJix) - /| + 2) + ^\DJix) - (9) 

holds almost everywhere on U . 

Proof. Put x"^ ■ f{x) = u{x). Then Dhf{x) = Dhu{x) + / for almost all x G f/. We have 
{DJ{x)yDJ{x) = 1+ {DMx)y + Dr,u{x) + {Duu{x)YDuu{x). 

Hence, 

2QMx) = {Dhf{x)YDjJ{x) - / - {Dr,u{x)YDhu{x), 

where Qiu{x) = ^{{Dhu{x)y + Dhu{x)) is a first-order differential operator with constant 
coefficients. The relation \{Dhf {x)y D^f (x) — I\ ^ — 1 yiels 

\QMx)\^^^^ + ^\D,uix)\\ 

It is easy to verify that \Zf\ = HiD^f + JDJJ)\ and \Zf\ = - JDhfJ)\ ^ 

Since / preserves i^"i?-orientation and is a mapping with bounded distortion, the Beltrami 
system [T7], Theorem C] implies that 

\Zu\ = \Zf\ ^ §^\Zf\ ^ §^i\DHf + ^^mu\ + 1). 

It remains to observe that \Qu\ ^ \Qiu\ + \ ^{DhU + JDhuJ)\. □ 
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3.2 The kernel of the operator Q 

To prove the main results of this paper, we apply the coercive estimates for Q in (|9]). On 
general Carnot groups, Isangulova and Vodopyanov established coercive estimates for homoge- 
neous differential operators with constant coefficients and finite-dimensional kernels [13]. On 
Heisenberg groups, Romanovskii obtained this result earlier in [21} 125] . To apply the coercive 
estimates, we only have to show that the kernel of Q is finite-dimensional. 

Lemma 4. The kernel of the operator Q on the Sobolev class Wp ^^^.{W^ , C^) , p> 1, is finite- 
dimensional: u G ker Q if and only if 

u{z, t) = a + Kz, where a G C" and K + K* = for n > 1; 

u{z, t) = a + ikz + tb + iz% + where a,b E C, k eM. for n = 1; 

Proof. (l) Take a C°°-function u : H" — )■ C" in the kernel of Q. In complex notation, u G ker Q 
if and only if 

Zu = —{Zu)*, Zu = Zu = 0. 
If u is independent of t = X2n+i then it is easy to see that 

u{z, t) = a + Kz, where ^ G C", t G C, a G C", and K + K* = 0. 

Suppose that u depends on t = X2n+i- We have 

—2iZjyiTuk = Zm{Z]tZ]t — ZkZj^)uk = —Z^ZtZkUk = Z^Z ^Z /.Uk = Z ^Z kZ^^Uk = 

for all m 7^ A;, li m = k then 

—2iZkTuk = Zk(ZjZj — ZjZj)uk = —Zf^Z jZjUk = ZkZjZf^uj = —2iZjTuj = 2iZjTuj, 

where j ^ k. Thus, ZkTuk = for all /c = 1, . . . , n provided that n > 2. 

(ll) Consider the case n > 2. We have Tu = A with A G C". Verify that A = 0. We have 

u = a + Kz + X{t + i\z\'^) + P{z) 

with a,A G C" and K + K* = 0. Here P = (P^, P2, . . . , Pn) : C" ^ C", where Pfe(z) = 
YMs=iPfs^i^s, k = 1, . . . ,n, are polynomials of degree 2 depending only on z, pf^ = p'l^. Here 
we consider the function t + since its differential along Zk vanishes for all = 1, . . . , ra. 
Hence, 

n n 

ZkUi = Kik + 2izk\i + ^{p\jZj + p]kZj) = + 2izk\i + 2^p\jZj, 
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n 



ZiUk = Kki - 2iziXk + 2 y^^pf^Zj. 



The coefficients of Zk and zi in the equation ZkUi + ZiUk — are 



2iXi + 2fl^ = 0, -2i\k + 2p[i = 0, pf, = for all s ^ k. 



Since pf^ = pj;, we infer that Pfc = and = for all k. 
(ill) Consider the case n = 2. We have 



Z2TU1 = ZiTxia = and ZiTui = -ZiTiTi = -Z2TU2 = ^27'ti2 = A*- 



The following relations show that // is a constant: 



Ziii = Z1Z2TU2 = 0, 



Ziii 



Z^Z2TU2 - 0, 



= = 0, 



Z2I1 



Z2Z1TU1 = 0. 



Hence, Tui = Ai + /izi and Tu2 — X2 — A*-22- Thus, 

1*1 = + i\z\'^){Xl + pLZi) + Pi{z), U2^{t + i\z\'^){X2 - piZ2) + P2{z). 

Here we write down u up to the known term a + Kz and Pk = akzf + bkZiZ2 + Cfc2;|, k = 1,2, 
are polynomials of degree 2 depending only on ^1, ^2- 
It follows that 

— Z\U\ + Z\U\ — 2%z\{X\ + ixz\) + (t + i\zf)ii + 2ai^i + 61^2 

— 2iz\{X\ + /Izi) + — ^1-^1^)/^ + 2m{z\ + 61 ^2- 

The coefficients of \z\^ and t are equal to i/x — i/Z and n + respectively. Thus, = 0. Clearly, 
61 = and Oi = iAi. Similarly, 62 = and C2 = iAi. The equality 

Z2U1 = 2iz2Xi + 2ci2;2 = —Z1U2 = —2iziX2 — 2m2Z\ 

implies that Ai = A2 = Pi = P2 = 0. 

(iv) Consider the case n — \.K mapping u = {u\, U2) : — >■ belongs to ker Q if and only if 

Xui = 0, Yu2 = 0, Yui + Xu2 = 0. 
Put (fi = Yui = —Xu2- It satisfies 



= X'^Yui = XXYui - XYXui = -AXTui = -ATXui = 0, 
= -^2x^2 = YXYu2 - YYXu2 = -AYTu2 = -ATYu2 = 0, 
YXcp + XY(p = YXYui - XYXu2 

= Y(-AT + YX)ui + X(-AT - XY)u2 = -AT{Yui + XU2) = 0. 
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Verify that Ty) = const. We have 

-AXTip = X{XYip - YXif) = -2XYXip = {XY - YX)Xip = XYXip 



and 

-AYTif = Y{XYip - YXip) = 2YXYip = {XY - YX)Yip = -YXYip. 

Hence, XYXip = YXYip = and XT^p = YT^p = 0. Thus, Tip = X eR and = Xt + '^{x,y). 
Since XV = = 0, F V = = 0, and XYip + YXip = 2^ = 0, we conclude that is a 
hnear function of x and y. 

Thus, ip = a + Xt + fix + vy. It remains to calculate ui and U2- The systems 





yield 



ji fixy + uy"^ V vxy + /ix^ 
Ml = ci + ay - -t H ^ , M2 = C2 - ax - -t ^ . 



(v) Consider a mapping u of Sobolev class PV^ 1^^(11", M^") satisfying Qu = in the sense of 
distributions. We show that u G ker Q, where ker Q is the finite-dimensional space found in the 
smooth case. Consider a ball B in H" and construct a sequence Mfc G C°°(EI", M^*^) such that 
||w — Mfcll vKpi(B) ~^ as A; — )■ oo. We showed above that the kernel of Q is finite-dimensional on 
smooth mappings. Hence, by Theorem 1 of ^13j, there exists a projection P onto kerQ such 
that 

Passing to the limit as A; — )■ oo, we infer that \u — Pu\yi/\(^B) ^ C'||Q'w|Ip,-B = 0, where Pu = 
limfc_>oo -Pm/c- Since Puk G kerQ, it follows that Pu also belongs to kerQ. Finally, u = Pu G 
kerQ. □ 

3.3 Projection onto the Kernel of the Operator Q 

In this subsection, we construct a projection onto ker Q convenient for further calculations. 
Put 

Box(a, r) = {ay : y = (yi, . . . , ?/2„+i), \yi\ < r, i = 1, . . . , 2n, |?/2n+i| < r^}. 

It is easy to verify that 

Box(a, xr) C B{a,r) C Box(a, r), where x = (4n^ + 1)^^/"^ 
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|Box(a,r)| = [ \zi\^ dx = for all i = l,...,n. 

By [13], we have the following result: given a ball B C H", n > 1, and p > 1 there is 
a projection 11 from Wp{B,M}^) onto the kernel of Q such that 

11/ - TifWwr^B) ^ C\\Qf\\,,B for every f e 1^^1(5, M^"). 

By analogy with Theorem 3.2 of Chapter 3 of [23j, we can show that the coercive estimates 
hold for every projection onto the kernel of Q. 

Proposition 1 ([121 Proposition 2]). Consider a hall B on the Heisenberg group H", n > 1, 
p> 1, and a projection P from W^p(i?,]R^") onto ker((5). Then there is a constant C > such 
that 

\\u - Pu\\w^^B) < C\\Qu\\p^B 

for every u G W^{B,R'^''). 

We construct a projection P from Wp{B{0, C") for B{0, ^) C H" with n> 1 and p > 1, 
onto the kernel of Q. 

Consider the complex- valued n x n matrix A{u), 



= — -T / Ui{x)zj dx, i,j = l,...,n; 

^ -/Box(0,f ) 



and the vector a(u) G C 



[a{u)]i = — — I Ui{x) dx, i = 1, 

'Box(0,f) 



The following properties are obvious: 

(1) if M = const then a{u) = u and A{u) = 0; 

(2) if u{z,t) = z then a{u) = and A{u) = /; 

(3) if 5 G U{n) then a{Bu) = Ba{u) and A{Bu) = BA{u). 

Definition 5. Define the projection P onto the kernel of Q as 

Pu = K{u)z + a{u) 

for u G Wp{B{f), j^), C"), where K{u) = ^("^"^^("^1 is a skew-Hermitian n x n matrix. 



Lemma 5. Suppose that e < • //m G iy2^(-B(0, C") satisfies \u{x) — z\ ^ e for all 

X = {z,t) G B{0, j^) then there is a unitary nx n matrix V EU{n) such that \ V — 1\ < "^^"^^ e 
and P{Vu) = const. 
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Proof. Put A = A{u). Given a vector ^ G C", we have 



2^+43 



Box(0,f) Box(0,f) 
J n+1 1^- 1 J 1 1 • • r ^ 1 2 I 2\ 'i+l 



Hence, |v4 — /| ^ ^/^(f )" ^ and A is a nondegenerate complex nxn matrix if £ < y ^{^Y 

For the positive definite Hermitian nxn matrix A* A, there exists a unitary matrix f/ G [/(n) 
such that UA*AU* is a real diagonal matrix diag{/ii, . . . ,/i„}, /ij > (for instance, see [T9]). 
Hence, there are two orthonormal bases {wi = U*ei}i=i^,„^n and {vi = pAu'i}j=i,...,n, where 

i 

= ^/JIi > and Awi = XiVi for z = 1, . . . , ra. Here {cj = (0, . . . , 0, 1, 0, . . . , 0)}j=i^...^„ is the 
standard basis of C". 

Consider the unitary matrix V G U{n) with Vvi = Wi for i = l,...,n. Since VAwi = 
V{XiVi) = XiWi, the matrix VA is diagonal in the basis {wi, . . . , w„}, and hence, Hermitian 
in the origin basis {ej}j=i...._„. Therefore, A{Vu) = VA{u) is a Hermitian matrix, and conse- 
quently, K{Vu) = 0. Thus, we have demonstrated that P{Vu) = a{Vu) = const. 

Estimate — /|. Since \Awi — Wi\ = \XiVi — Wi\ ^ ^/^(f)"''^^^ ^'^^ alH = 1, ... ,n, we obtain 

n+l 



|Ai — 1| = I \Awi\ — \wi\ \ ^ \Awi — Wi\ ^ 



n K 



and 



\vi - Wi\ ^ \Xvi - Wi\ + \XiVi - Vi\ ^ y2n\ — e. 



2 V 2 



/ X 



V2 



Given a vector ^ = ^i'^i ^ have 



i=l 



-t;i|2 ^ \/2|e|V| - I £. 



X 



n+l 



Hence, \V - I\ < '^^^e. 



□ 



4 Local Geometric Rigidity 
4.1 Qualitative local rigidity 

Lemma 6. For every q G (0,1), there exist nondecreasing functions fj.i{-,q): [0, 00) — )■ [0, 00), 
i = 1,2, such that 

(1) fiiit, g) as t ^ 0, i = 1,2; 
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(2) for each mapping f of class /(I + e, B{0, 1)), where B{0, 1) C H", there exists an isom- 
etry 9 satisfying 



p{f{x), 9{x)) ^ qfii{e, q) for all x G 5(0, g), 
\\Dhf{x)-Dt,e{x)h,Bio,q) ^ |5(0,g)|i/V2(£,g). 

Proof Put B = B{0,1), 

ixi{e,q) = - sup inf I sup p{f{x), ip{x)) : (yj is an isometryl 

and 

/ N . r ( \\Dhf ~ DhLp\\2^B{0,q) . . , \ 

fi2{s, q) = sup mf <^ — — — —r-p: : V9 IS an isometry > . 

fei{i+s,B) I \B{0,q)\y^ J 

Property (2) is obvious. 

It remains to prove that fii and /i2 enjoy property (1). 

(l) Assume that for some q G (0, 1) the function q) fails to tend to as t —i- 0. Then 
there exist 6 > and a sequence of quasi-isometries {fj G I{Lj, B)} with Lj < 1 + j such that 

sup p{fj{x),(p{x)) ^ e for all j G N (10) 

xeB{0,q) 

for every isometry yj. Since the isometry group contains translations and reflections, we may 
assume that fj{0) = and J{x,f) > almost everywhere on 5(0,1). By Lemma [1], the 
sequence {fj} is an equicontinuous and uniformly bounded family on every domain compactly 
embedded into B{0, 1), for example, on the ball B{0, q). Consequently, there exists a mapping 
/o: -8(0, g) — )■ H" and a subsequence uniformly converging to /o, which we also denote by {fj}. 
Since all quasi-isometric mappings are of bounded distortion, by [26j /o is a mapping with 
1-bounded distortion. Verify that /o is an isometry. 
The weak convergence of the Jacobians [26] yields 

lim / J{x, fj) ^{x) dx = / J{x, fo) ^{x) dx 
Jb Jb 

for every ^ G Co{B). On the other hand, 

LT^ I ^{x) dx^ I J{x, fj) e(x) dx ^ U. I i{x) dx. 
Jb Jb Jb 

Consequently, J(x, /o) = 1 almost everywhere on B(0, q). This is possible only if /q is an isom- 
etry. Applying (fTOj) for /o, we arrive at a contradiction. 

(ll) Now we prove property (1) for fi2- Assume the contrary. Then there exist numbers e > 0, 
q G (0,1), a sequence of quasi-isometric mappings {fj G I{Lj,B)} with Lj < 1 + 4, and 
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a sequence of isometries 6j such that 

sup p{fj{x),9j{x)) ^ - l,g) and \\Dhfj{x) - Dh9j{x)\\2,B{o,q)dx ^ e. 

x£B{Q,q) 

Like in part (l) of the proof, we may assume that the sequence {fj} converges to an isometry /q 
uniformly on the ball B{0,q). Clearly, the mappings 6j converge to /o uniformly on B{0,q) as 
j — )■ oo. Therefore, \DhOj{x) — Dhfo{x)\ — )■ and \Dhfj{x)\ — )■ 1 = \Dhfo{x)\ as j — )■ oo for all 
X G -8(0, g). Since the space W2 is uniformly convex, the convergence of the norms along with 
the uniform convergence fj /o imply the convergence /gj-Qg) \Dhfj{x) — DhJo{x)\'^dx — > 0. 
The properties of uniformly convex spaces can be found in [5j. We arrive at a contradiction: 

e ^ \\Dhfjix) - Dh9j{x)\\2,B(0,q) 

^ \\Dhfjix) - Dhfoix)\\2.B{o,q) + \\Dh9j{x) - I^h,/o(a;)||2,B(o,<?) 0. 

j->-oo 

□ 



4.2 Application of the operator Q 

In this section we apply the coercive estimate for the operator Q. In view of the connection 
between the Lie algebra of isometries and the kernel of Q, we obtain the following lemma, which 
shows that we can slightly perturb the isometry of Lemma [6] to make the projection vanish. 

Lemma 7. Take n > \. There exist constants ci = ci{n) > and ei = ei{n) > and 
a nondecreasing function fi^: [0,ei) — t- [0, 00) with fi3{t) — t- as t — t- such that, given a ball 
B{a, r) C H" and a mapping f G /(I +e, B{a, r)) with e < 61, there is an isometry 6 satisfying 



Dhf - W||2,B(a,fg) ^ C,\\Q{X-' ■ (9-' O /)(x))||2,B(a,fg), 

1/2 



\\Dhf — DhO\\2,B{a,'^) ^ 

Here Q is the differential operator 



r 

Bla.- 



Proof Assume first that B{a,r) = _B(0, 1). Consider a mapping / G /(I + £,5(0,1)). By 
Lemma El there exists an isometry ip such that the mapping g = ip^^ ° f ^ -^(1 + £,B{0, 1)) 
satisfies 

\g{x) - z\ ^ p{g{x),x) = p{f{x),ip{x)) ^ ^^''^^^^^^ 
for all X = {z, t) G B{0, 1/2) and 

/ \Dhg{x) - I\^dx = [ \Dhf{x) - Dh^{x)\^dx ^ ^e, 1/2))'|S(0, 1/2)|. 

^5(0,1/2) 7b{0,1/2) 
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(Here g stands for the projection of g onto the first n complex coordinates.) 

Take e < ei, where ^^(^y-^/^) ^ y^j^lj"^-'^. By Lemma there exists a matrix V E U{n) 
such that \V -I\< 1/2) and DhPiVg) = 0. 

Put e-^ = ipvo V'^- We have DhP{x-^ ■ (P^ f){x)) = DhP{x^) + DhPiVg) = 0. By 
the coercive estimate IlIS], there is a constant Ci = Ci{n) > such that 

\\Dhf - ^^6*112,5(0,3/10) = \\P>h{.G'^ O /) - ^||2,i?(0,3/10) ^ Ci\\Q{x'^ ■ (6*"^ O /)(a;)) 112,5(0,3/10). 

We have 

\Dnf - Dhe\ = \VDhg - I\ ^ \Dhg -I\ + \V- I\. 



Hence, 



\Dhf - DhO\\2,B{o,i/2) / .. /_ T /ox , r^x""^^ 



^ /X2(£, 1/2) + —^lii{e, 1/2) = ^^,{e). 



|E(0,1/2)|V2 / / 2"+i 

To complete the proof, consider an arbitrary ball B{a,r) and a mapping / of class 
I{l + e, B{a, r)). Then the mapping g = Si o7r_a 0/071^0 5,, belongs to the class I{l + e, 5(0, 1)). 

r 

Hence, there is an isometry ip close to g satisfying the estimates of the lemma. Then 6 = 
tTq o 5,. o o (5i o 7r_(j is a required isometry for /. □ 

4.3 Quantitative local rigidity 

Lemma 8. Tale n > 1. Given a ball B{a,r) C and a mapping f G /(I + e, B{a,r)) , there 
is an isometry ip satisfying 



I, To J I JB(a,^) 



The constant C2 depends only on n. 

Proof. Put Bi = B{a, B2 = B{a, |), -B3 = B{a, |). By Lemma d there is an isometry 9 
such that 

\\D,ie-' O /) - ^ C.WQix-' ■ ie-' O f)ix))\\2,B,, 

||D,(rio/)-/||2,B3 ^ \B,\'/'fi,{e). 

Put g = o / G /(I + B{a, r)). By Proposition 4 of [121, there is a number £2 > such 
that g preserves f^i^-orientation on Bi if e < 62- Thus, assuming that e < minjei, £2}, we may 
apply Lemmas [3] and [71 We obtain 



\\D,g - J||2,B, ^ Ci^^dlD,^ - I\\2,B. + 2|Si|V2) + - 
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Estimate j^^\Dhg{x) — I\'^dx. Consider an arbitrary ball B = i?(ao,To) C -82- Then 
S(ao,2ro) C B{a,r) and, by Lemma [3, there is an isometry 6b, and hence a matrix As = 
D}i6b G U{n) such that 

\Dhg{x) - Asl^dx ^ {^3{s)f\B\ = (fisie)? [ \Ab\^ dx. 

B Jb 

For the ball B2, we have Ab2 = I and 



\Dh9ix) - I\' dx ^ / \Dh9ix)-I\'dx^\B2\i3/2yME)y. 

B2 JBz 

It follows that D^g is a mapping with bounded specific oscillation in the sense of L2 relative to 
the class U{n) on the ball B2 (see [TTl Definitions 1 and 2]). Thus, by the Corollary to Theorem 
1 of [11], there are constants C, ctq > such that on the ball Bi = ^-82 we have 

/ \D,,g{x) - I\^dx ^ C{3/2y{fis{e)y [ \Dhg{x) - Jl^ dx 

JBi JBi 

provided that (3/2)"+^|U3(£:) < ^. We need to consider e < €3, where £3 ^ min{ei,e2} and 

(3/2)"+V3(^3) ^ f . 

Finally, 

\\D.9 - Ih,B. ^ '-^^^{\\D,g - Ih,B. + 2\B,n + '^^.C^^'V .. - I\kB.- 
Take 64 ^ £3 such that 

Civ/C3"+V3(g4) ^ 1 Ci£4(£4 + 2)^1 

2"+2 ^4' 2 ^4' 

If e < 64 then 

Thus, we have established the lemma for / G /(I + 6,B{a,r)) with e < £4. In the case 
e ^ £4, given an isometry we obviously have 

/" |D;./(x)-D;,<^(x)|2rfa;^(2 + £)2^(- + l)V. 

The lemma is proved with the constant C2 = max{2ci(e4 + 2), — + 1}. □ 



5 Global Geometric Rigidity 

In this section we prove Theorem [TJ Local rigidity (Lemma |8]) means, in particular, that the 
horizontal differential of a quasi-isometry is a BMO mapping. To pass from local rigidity to 
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global rigidity, we apply the John-Nirenberg technique. In the Euclidean case, a necessary and 
sufficient condition for the exponential integrability of a BMO mapping is that f/ is a Holder 
domain [221 [IH]- In the metric space setting, this also holds (see [3] for instance). Thus, we 
can prove global geometric rigidity in the Sobolev norm on Holder domains. Note that we can 
prove geometric rigidity in the uniform norm only on John domains. 

To begin with, we give definitions of John and Holder domains and some of their properties 
on a metric space (X, p). For a domain f/ C X, denote the distance from a point x G f/ to the 
boundary dU by pu{,x) = dist{x,dU). For a ball B C X, denote by x{B) and r{B) its center 
and radius respectively. 

Definition 6 A bounded open proper subset U of a metric space (X, p) with a distin- 

guished point a;* G f/ is called a (metric) John domain if it satisfies the following "twisted cone" 
condition: there exist constants /3 ^ a > such that for all x G t/ there is a curve 7 : [0, /] — )■ [/ 
with / ^ (3 parameterized by arc length such that 7(0) = x, 7(/) = and p[/(7(s)) ^ fs. 
The numbers a and /3 are the inner and outer radii of U. 

Definition 7. A proper open subset f/ of a metric space (X, p) is a Holder domain if there 
exists a constant H > such that for every x G t/ we can find a path 7 joining x with the 
distinguished point x* G f/ satisfying 



where ds is the arc-length measure. 

The reader may recognize the above integral as the quasihyperbolic length of 7. Holder 
domains are also known as domains satisfying a quasihyperbolic boundary condition. 

It is easy to verify that every John domain is a Holder domain. Note that the notions of 
John and Holder domains are independent of the choice of the equivalent metrics. 

Theorem 1 is a particular case of the following 

Theorem 2. Consider a Holder domain U on the Heisenberg group H", n > 1. For every 
f G /(I + e, U) there exists an isometry 9 satisfying 



The constant Ni depends on n, H , and pu{x*)/ diam(t/). 

Lemma 9. Suppose U is a Holder or John domain in a metric space (X, p). Then, for every 





point X E U there is a chain of halls Bi = B{xi,ri), i = 0, . . . ,k, with B[ 
satisfying the following conditions: 



— 



B{x.. 



4 
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(1) Xq = and Xk = x; 

(2) if ^ i < k then ^ ^ f '"i+i o,nd there is a ball Gi C Bi fl -Bj+i with r{Gi) = 
i min{ri,ri+i}; 

(3) 4:Bi C U for all i = 0, . . . , k; 

(A) k < 9H\n 4^ if U is a Holder domain and A; < 9- In — if U is a John domain; 

(5) BkC{l + 5^)5, and Bk C {3 + 10^)Gi for all i = 0, . . . , k - 1 zf U is a John domain. 

Proof. Fix a point x G f/. Construct a chain Bq, Bi, . . . , Bk of balls Bi = B{xi,ri) with 
ri = '^^^*^(^"^^) for alH = 0, . . . , and xq = x*, Xk = x. 

Thus, we must find the number k and the points Xi . . . , Xk-i- Consider a rectifiable curve 7 
joining x with and satisfying the conditions of Definition [H] or Definition [71 Parameterize 7 
by arc length. Put sq = I and xq = = ■y{l) = 7(so). Assume by induction that xq, . . . ,Xi are 
known and put Xj+i = 7(sj+i), where Sj+i = inf{s : 7|(s,Si] C B{xi, ^)}. The process stops on 
step j if the ball ^Bj intersects the ball B{x, ^lElih^Mly^ then, put j = k — 1. 

Conditions (1) and (3) obviously hold. 

(2) By construction, 4rj = dist{xi,dU) for i = l,...,k, and p(xj,Xi+i) ^ y + for 
i = 0, . . . , A; - 1. Hence, 4ri ^ 4ri+i + f + ^ and 4ri+i ^ 4ri + ^ + Therefore, 
|rj+i ^ Tj ^ f '"i+i- Since fl 7^ for i = 0, . . . , A; — 1, there is a ball Gj such that 

Gi C Bid Bi+i, x{Gi) e iBi n and r{Gi) = | min{rj, ri+i}. 

(4) By construction, ^ = p(7(si), 7(5^+1)) ^ /(7l[s,+i,sJ for alH = 0, . . . , A; - 2 and ^ < 
p(7(sfc„i),7(0)) ^ /(7l[o,.fc__i])- Hence, Y.'lZo + ^ 21. If y E \Bi then pjj{y) ^ Pc7(xi) + 
p(xi, y) ^ |ri for alH = 0, . . . , A;. Thus, 



/ 



ds f 2ds 1 , „ 

> > - for alH = 0, . . . , A; - 2 



hils^+^M) Pui'yis)) J^([s,+,,s,]) 9ri 9 

and 



ds ^ r 2ds ^1 



If C/ is a Holder domain then ^ ^ f — tttt ^ -f^ln 1^. If ?7 is a John domain then % < s' ^ 
ipuilis')) ^ £ryt for s' = sup{s : 7|[o,s) C ^Bk} < Sk-i. We have 

k ^ f ds _ ds r' ds ^ Ids r' 2ds 

9^7^ Pu{l{s)) j,, puilis)) Jo Puilis)) ^ Js' «s Jo 7rfc 



-(ln/-lns') + — s'^ -fln/-lnf^ 



7/ a rfc 



'k 

(5) Assume that [/ is a John domain. For i G {0, . . . , A; — 1} we have p(x, Xi) ^ /(7|[o,s 
Si ^ ^Pu{xi) = 4:^ri and 

/4/3 



4rfc = p(7(x) ^ pix,Xi) + p[/(xi) ^ + A^ri 
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This yields p(xi, z) ^ p{x, Xi) + ^ (l + ^jr^ for every z G Bk- Thus, Bk C {1 + 5^)Bi. 
Suppose r{Gi) = y, where j equals either i or i + 1. Then 

p{x{G,),z) ^ p{x{G,),x,) + p{x„z) ^ (1 + 2(1 + 5^))^ 

for all ze{l + 5^)Bj. Hence, 5^ C (3 + lOf □ 

Below we need the following result asserting that the boundary of a Holder domain or John 
domain is regular in some sense. 

Lemma 10. Given a Holder domain U in H", there is a constant < r < 1 depending only 
on n, H , and '^y^^'^l such that Lr — 7^ ^ ^j'"^L . 

Given a John domain U, there is a constant < tq < 1 depending only on n such that 

Proof. The first part (on Holder domains) is Theorem 3.3 of [3]. We estimate r in the case of 
John domains. 

Consider a countable family of balls V covering U such that {^D}Dev is a disjoint family, 
^DevXoix) ^ for all x G t/, and r{D) = ^pu{x{D)) for every D eV. 

Fix a ball D E T>. By Lemma [HI there is a chain of balls Sq, ■ ■ ■ , B^ = D that covers the 
curve 7 joining x{D) and . Since the family V covers U there is a chain of balls Dq, . . . , Di = D 
in V covering 7 and satisfying x* G Dq and Di fl -Di+i 7^ for i = 0, . . . , Z — 1. We can take 
the same Dq for all -D G P. 

Put Di = B{yi,pi). Since Di fl -Dj+i 7^ 0, it follows that |pi+i ^ Pi ^ fPi+i foi' i = 
0, ...,/ — 1. Suppose that pi ^ po- Then po ^ (l)^^ hence / ^ logs ^. 

The chains {Bj} and {-Dj} cover 7. Hence, each Di intersects some ball Bj. It follows that 
^fj ^ Pi ^ ^f^j- Therefore, for y E D we have 

p{y, Vi) ^ p{y, Xj) + p{xj, yi) ^ (1 + 5-)rj + + pi < ^(13 + 25-) < 13-pi. 

a 3 a a 

Thus, D C hDi for alH = 0, . . . , / with h = 13^. Putting S{x) = YliDev^hoix), we obtain 
S{x) ^ logs ^ if a; G and r{D) ^ po. 

It is known (see Lemma 3.4] for example), that there exists a constant C > 1 depending 
only on n such that HS'Up^e" ^ Gph'^\\ X^Dei? ^-dIIp,H" 

^ Gph''\U\^/p for all p ^ L Hence 



ni>l m>l 



2C/i'^e 
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For b = a(ln |) ^ > 0, we have 

dx \D\ ^ r fe5(x)ln|^ V- \£i 

3Vo ii/ 3Vo S'-a^ ' ' ' ' 

Here we have used the fact that a ^ Pu{x^) ^ p{yo,x^) + puiuo) ^ 5po and the inequahty 
6^1. Applying Holder's inequality, we obtain the desired inequality for r = = To{^y 

Proof of Theorem^ Consider a mapping / G /(I + £,[/), where f/ is a Holder domain. Put 
F{x) = Dhf{x). By Lemma [H] for every ball B with fBcU there is a unitary matrix Ab 
such that 

y \F{x) - Aeldx ^\B\^/^(^j \F{x) - Ab\^ dx^ ^ (r\B\ 
with 0" = 025. Thus, it is easy to see that D^f is a BMO mapping. By [31 Theorem 2.2], 



/ exp{Ci(r-^\F{x) - FB'\)dx ^ 16\B'\ 
Jb' 



where B' = ^B, Ci = -^2, and Fb' is the mean value of F over the ball B'. The proof of this fact 
goes along the same lines as the proof of the classical John-Nirenberg Theorem. Consequently, 

B' J B' 

Consider the family of balls {B[x, '^^^^'"^^^^^ )} x& ■ We can choose a countable subfamily J-" 
such that [jseT 5 = f/ and {|5 | 5 G -F} is a disjoint family. 

Put A* = Abq-, where Bq = fil£M^2^)_ Por every B E J-', there is a chain of balls 

Bq, . . . ,Bk = 2B satisfying conditions (l)-(4) of Lemma [91 Obviously, 



\Ab, - Ab,+, \ ^ \Gi\ / \F{x) - As^dx + \Gi\ / \F{x) - AB,+,\dx ^ aCg 

J Bi J Bi^i 

with C2 = 2''(l + (f)''). For < C3 < Ci, it follows that 

k—l 

Jb Jb 



Applying k ^ 9if In g^^^ , we obtain 



f gC3.-|F(x)-A.|^^ f gC3.-|F(x)-A.l^^ ^ ^ r dx ^ ^^|f/| (11) 

if C3 is small enough so that 9HC2C3 ^ r, where r is as in Lemma [TOl □ 
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Proof of Theorem [H Consider a John domain U with a distinguished point and a mapping 



/ of class /(I + e, U). Put = i?(x^,,r^,), where r^, 



dist{x,,dU) 
4 



The proof of the first assertion follows verbatim the proof of Theorem [2] till relation ([TT 
We rearrange f|TT]) as 



if gfCzCs < r = ro(|)'' where C4 = 64 ■ 22"^! 5^^. Here we use the fact that (f )^ < 2 and, 
consequently, (^)'^ < 2 since tq < 1. By Holder's inequality, we obtain the desired inequality 

^ith m = = c'{^r\ 

Let us now prove the second assertion. 

Consider a point x G f/ and the chain i?o, . . . , -Bfc of Lemma |9l Since balls are John domains 
and, consequently. Holder domains. Theorem [2] implies that, for each i = 0, . . . ,k, there is 
an isometry 6i such that 

(Ni\Dhf{x)-Dhei{x) 



' exp< ■ 

4B, I 



dx ^ 16 4R- . 



Hence, ||-D/i/ — -D/i6'j|| 2^+1^45- ^ (-^) (16|4i?j|)^/'^''+-'^\ and, by Lemma [TT| we conclude that 
pifiy), 9i{y)) ^ wrj for all y e Bi with w = Ci{y/e + e). 
We have 

p(/(x), 0o(x)) ^ p(/(x), 9k{x)) + 5^ p(^,(x), 

i=0 

and 

32 

^m(y)) ^ pU{y). d.Ay)) + p(/(y), ^ c^(r, + r,+i) ^ ya;r(G,) 

for every y G Gj. Consider the case < |. Lemma [T^ yields 

p{e,{y),ei_M)^C2^riG,), 

where C2 = (3 + lOf ), for all y G r) = 5a,. C (3 + lOf )Gi and alH = 1, . . . , - 1, 
Since r{Gi) ^ |rj for z = 0, . . . , — 2 and r{Gk-i) ^ 1^^, it follows that 

fc-i 

p{f{x),e^{x)) ^ur^ + C^^Y^^Gi) ^C^uP, 

1=0 

where = \ + C2. 

Consider the case yo; ^ Without loss of generality we may assume that e ^ £4 for 
a constant £4 of the proof of Lemma[Hl and 6*, is just the left translation satisfying 9i{xi) = f{xi). 
Thus we can apply Lemma [131 The theorem follows in the same way. □ 
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6 Appendix 

6.1 Application of the embedding theorem 

Lemma 11. Let f G /(I + e, B{a, r)) and 

\\Dhf-I\\p,Bia,r)^e\B{a,r)\'/P. 

If p > V and f\a) = a then 

p(/(x), x) ^ Cr{\fe + e) for all x G -B(a, sr) 
with s G (0, 1). The constant C depends only on n, p, and s. 

Proof. Put B = B{a,r). Denote the first 2n coordinates of ■ f{x) by iIj{x) and tlie last 
coordinate of x^^ ■ f{x) by Estimate fo^' alH = 1, . . . , 2n and Vcxi^)- Clearly, 

||V£^i||p,B = \\Vcfi - V£Xi||p,B < \\Dhf - I\\p,B, i = l,...,2n. 

The embedding theorem (see [7j for example) yields 

\M^)\ < C^r'-'^PllVcMp^B < C^er for all x G A: = 1, . . . , 2n. 

We have 

n 

X{x) = f2n+l{x) - X2n+1 + 2^{xj fj+n{x) " Xj+nfj{x)). 

i=i 

The contact condition Xif{x) G i7/(2.)EI" for i = 1, . . . ,2n yields 

n 

Xif2n+l{x) = 2^/j+„(x)Xi/j(x) - fj{x)Xifj+n{x), 

i=i 

and then we deduce that Vcxi^) — 2((-D/i/(x))* + /) J'?/'(x), where J is the 2n x 2n matrix 
defined in (|8]). 

Applying the embedding theorem once again, we obtain 

\x{x)\ < asr'-''/^Vcx\\p,^B < C^4r||^||c(^B)(2 + e) < C^rh{2 + e) for all x G sB. 
Hence, p{f{x),x) ^ Cer{^ye{2 + e) + e) ^ C7r{^/e + e) for all x G B{a, sr). □ 

6.2 Isometries on the balls 

Lemma 12. If ip is an isometry on H" with p{ip{x),x) ^ er for all x G B{a,r) C H" wi/i 
£ < 1/2, then p{ip{x),x) ^ 5esr for all x G B{a,sr), s ^ 1. 
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Proof. Assume that B{a, r) — B{0, 1). Suppose firstly that (p — iOTTaOc/?^ where a = (a, a) e 
with a e C" and q; e R, as well as A e U{n). If x = then \a\ < 1/2 and \a\ ^ 1/4. If z = 
and t = 1 then we arrive at a contradiction: 

1/2 ^ p((^(0, 1), (0, 1)) = p((a, -a - 2)) ^ ^2+^. 

Thus, 99 = TTa o 93^, where a = (a, a) G H", a G C", a G M, and A G t/(n). We have 

x"^ ■ a • (fAX — {—z + a + Az, a + 2 Im(a, Az) — 2 lm{z, a + Az)). 

Clearly, |a| = p(<^(0), 0) ^ £ and \Az — z\ ^ \Az — z + a\ + \a\ ^ 2e. 
We have 

2| Im(2a + Az,z)\ ^ |q; + 2Im(a, A;^) -21m{z,Az + a)| 

+ |Q;|+2|Im(a,A^-z + a)| ^4£^ for all z G C", \z\ ^ 1. 

Suppose that Aa = + d and {d, a) = with G C and 0? G C". Put z = 7a, ^ 1. Then 

\Im{2a + Az,z)\ = | Im(2a + 7(^0 + d), 7a) | = |a|'| Im(27 + ^171")! ^ Se^. 

Suppose that a 7^ 0. For 7 = , we infer that | Im(2a + Az, ^) | = | Im^| ^ 2e'^. For 7 = j^, 

2\a\ ^ |anim(27 + ^|7n| + |Im^| ^ 4:6^. 

Hence, 

I lm{Az, z)\^\ Im(2a + Az,z)\ + \ Im(2a, z) \^6e^. 

In the case of a = 0, we obviously have | lm{Az, z)\ ^ 2s^. 
Consider y — SgX G B{0, s). We obtain 

■ a • ifiAU = {—sz + a + sAz, a + 2 Im(a, Asz) — 2 lm{sz, a + Asz)). 

Then | — sz + a + sAz\ ^ s\Az — z\ + a ^ {2s + l)e and 

|q; + 2 Im(a, Asz) — 2 lm{sz, a + Asz) \ 

^ \a\+2\lm{a,Asz + sz)\+2\Im{sz,Asz)\ ^ (1 + 8s + 12s^)£^. 

Thus, p(7ra o ipA{y),y) ^ 5se. 

Now, take an arbitrary ball B{a,r) and suppose that p{(p{x),x) ^ £r on B{a,r). The 
isometry ^ = Si/r o 7r_a o (/? o tTo o 5,. satisfies p{9{y),y) ^ 5s£ for all y G S(0, s). Inserting 
X — a • Sry for X & B{a, sr), we obtain the required estimate. □ 

The following lemma is obvious. 

Lemma 13. If p{bx,x) ^ e on B{a,r) then p{bx,x) < 3se on B{a,sr), s ^ 1. 
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